Fracture analysis of cracks along mechanically fastened joints is a central issue in the damage tolerance assessment of semimonoque aircraft structures. Nonlinear elastic-plastic finite element analysis, employing the cracktip-opening-angle criterion, was used to evaluate residual strength of bolted lap-joint 2024-T3 aluminum panels with multiple site damage subjected to Mode-I loading. A total of 36 different crack configurations were analyzed and compared to the experimental results. The effect of different aspects of the finite element modeling procedure on the accuracy of the residual strength predictions was investigated. Modeling of the geometric details of the test panels, such as fasteners and antibuckling restraints, was found to have a considerable effect on the predicted residual strengths. The nonlinear analyses provided reasonable estimates of the residual strength. The numerical results were compared with residual strength predictions obtained from a semi-empirical link-up model. Both approaches were comparable in terms of accuracy when compared to the test data. 
Introduction
T HE aging of aircraft fleets has increased the concern about aircraft structural integrity. As an aircraft is being used beyond its original design life, widespread fatigue damage (WFD) can accumulate at critical locations such as highly loaded fastener holes. The presence of WFD and/or multiple site damage (MSD) can reduce the ability of aircraft structure to carry the design load. Aircraft structures are generally designed to maintain structural integrity in the presence of large (detectable) cracks. However, the presence of an array of small cracks, which might be below detectable limits, can reduce the residual strength of the structure (e.g., skin) below the required level. Thus, methodologies capable of accurately predicting the residual strength of aircraft skins with MSD are desirable. Figure 1 shows a schematic of a panel with MSD.
A variety of analytical and computational approaches can be used to evaluate the residual strength of panels with MSD. Several approaches ranging from simple engineering models to sophisticated computational techniques have been investigated. 1−9 One of the recently used methodologies for residual strength prediction involves use of the crack-tip-opening-angle (CTOA) criterion, or its equivalent the crack-tip-opening-displacement criterion. The CTOA was first identified (in 1961) by Wells 10 as a possible measure of fracture toughness, but it was not until the 1980s that the CTOA criterion was used in elastic-plastic finite element analysis to simulate the fracture behavior of cracked bodies. The past two decades have witnessed a rapid increase in the use of the CTOA criterion in fracture analysis of laboratory specimens as well as full scale structural components. The CTOA criterion can be used to predict tearing initiation, the amount of stable crack growth and the onset of crack instability (i.e., residual strength). 11−13 In the past decade the CTOA criterion has been used to predict the residual strength of aircraft structures with MSD. 2, 11 One advantage of the CTOA criterion is that it can be readily used to characterize mixed-mode problems associated with crack face buckling or crack bulging in pressurized structures. 12 A number of two-and threedimensional elastic-plastic (fracture mechanics oriented) finite element codes exist to facilitate the application of the CTOA criterion. 13 Of course, finite element simulations of complex mechanically fastened joints often require a number of simplifying structural idealizations (implementation of plane strain core concept, 11 use of spring elements to simulate fasteners, etc.) in order to make the problem tractable.
Another approach for evaluating residual strength of skin panels with MSD was introduced by Smith et al. 7 They developed a semiempirical model (i.e., the WSU2 model) which is a modified version of the Swift link-up model, 6 for predicting residual strength of 2024-T3 aluminum panels with MSD. The WSU2 model was developed using semi-empirical analyses of test data from flat open-hole unstiffened panels with MSD, then was validated using test results of more complex panel configurations. 1, 14 A number of similar models were developed by Smith et al., 7 Broek, 15 and Ingram et al. 16 ; however, the WSU2 model was found to yield the most accurate results for a wide range of panel configurations. 1 The WSU2 model was developed to be used with either the A-Basis or the B-Basis yield strength values. The residual (link-up) strength, according to this model, is defined as follows 7 :
(1) where
where L, a, and l are shown in Fig. 1 . The values of the coefficients are C 1 = 0.3065 and C 2 = 0.3123 when A-Basis yield strengths σ ys are used in Eq. (2), and C 1 = 0.3054 and C 2 = 0.3502 when B-Basis yield strengths are used. The stress intensity geometric correction factors (betas) can either be obtained from the literature for simplified configurations 7 or can be determined using finite elements analysis for more complex panel configurations (such as the lapjoint panels considered herein 17 ). The basic limitation of the WSU2 model is that it can be only used for Mode-I fracture.
The motivation for this study is to compare residual strength estimates for bolted-joint panels with MSD from the relatively easy to apply WSU2 model to those obtained from somewhat more complex material and geometric nonlinear finite element analysis. Thirty-six single-shear bolted-lap-joint 2024-T3 aluminum panels with different crack configurations were tested to investigate the effect of MSD on the strength of lap-joint panels. 1 Hijazi et al. 17 showed that the WSU2 model was able to predict accurately the residual strength of those panels. In this work the STAGS 18 elastic-plastic finite element code for general shells was used along with the CTOA fracture criterion to predict the residual strength (i.e., the value of remote stress that causes link-up of the lead crack with the adjacent MSD crack) for the 36 crack configurations of the bolted-lap-joint panels. Then residual strength estimates obtained using the WSU2 model and those obtained using finite element simulations were compared to experimental results.
CTOA Fracture Criterion
The CTOA fracture criterion is based on the assumption that crack growth will occur when the angle formed by the upper crack surface, the crack tip, and the lower crack surface, as seen in Fig. 2 , reaches a critical value. A fixed distance d of 0.04 in. (1 mm) behind the moving crack tip is typically used to evaluate the value of CTOA.
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The critical value of CTOA can be obtained experimentally using photographic techniques. Larger CTOA values are observed at crack-growth initiation, then the CTOA decreases and maintains a constant value. 19, 20 However, a significant amount of scatter is usually present in the experimental CTOA measurements. More accurate estimates of the critical CTOA angle are obtained by simulating the fracture behavior of laboratory specimens, using elastic-plastic finite element analysis, and determining the angle that best describes the fracture behavior.
11−13, 21 Newman et al. 13 showed that a constant CTOA value can be used to model crack-growth initiation, stable crack growth, and instability for different alloys. Simulating the fracture behavior of cracked panels using the CTOA criterion requires the use of a three-dimensional finite element analysis because of the three-dimensional state of stress at the crack tip. 9 However, twodimensional plane-stress finite element analysis with a plane-strain core placed at the crack plane (to account for the higher constraint of the crack tip) seems adequate to capture the constraint effects for residual strength predictions. 19 The height of the plane-strain core can influence the accuracy of the analysis. A core height of approximately twice the skin thickness was found to be appropriate for 2024-T3 aluminum. 11 In this study the FRANC3D/STAGS software system was used for modeling and analyzing the bolted-joint panels. FRANC3D 22 is the pre/postprocessor, whereas STAGS 18 is used in performing the nonlinear elastic-plastic thin-shell finite element analysis.
Test Setup and Data 17
The test panels were 24 in. wide and constructed with 0.056-in.-thick 2024-T3 clad material, and the load was applied in the transverse-long (T-L) grain orientation (the load perpendicular to the grain). The two sheets of the joint overlapped by 3 in., and were fastened together with three rows of 0.1875-in.-diam steel bolts. The holes were also 0.1875 in. in diameter in an attempt to provide a "neat fit" with no interference, and the nuts were lightly torqued. The bolt pitch, row spacing, and edge distance were 1, 1, and 0.5 in., respectively. Two antibuckling fixtures (consisting of two C channels on both sides of the sheet) were placed next to the overlap to prevent out-of-plane movement. The lead crack was centered in the middle of the panel. The MSD cracks were introduced at the fastener holes adjacent to the lead crack tips. The lead crack and the MSD cracks were cut across the upper row of fasteners of the outer sheet. The cracks were produced using a 0.06-in.-thick jeweler's saw. Figure 3 shows a schematic diagram of the test panels. A total of 36 panels with different crack configurations were tested. Nine out of the 36 configurations did not have MSD cracks at the adjacent fastener hole. Tests were performed under displacement control to prevent total failure of the panel and were terminated after the first link up. Details of the crack configuration and the value of remote stress producing link up (i.e., residual strength σ Test ) for each of the 36 panels are given in Table 1 . Residual strength is defined herein as the value of remote stress at which the ligament between the lead crack and the adjacent MSD crack, or fastener hole, failed. Previous testing demonstrated that there was relatively insignificant scatter in the measured residual strengths. 1 Hence, no duplicate specimens were considered here.
Finite Element Modeling Procedure
The lap-joint sheets were modeled with quadrilateral (Q-4) shell elements with six degrees of freedom per node. The finite element mesh was refined at the crack plane and at the fastener locations (overlap area) to simulate proper load transfer, while the mesh was coarser elsewhere in the model. Quadrilateral (Q-5) shell elements were used to transition between model regions involving different mesh densities. Figure 4 shows a typical finite element mesh of a panel. Plane-stress conditions were assumed everywhere in the model except for two rows of elements on either side of the crack plane, as shown in Fig. 4 . The plane-strain-core elements were included to appropriately account for the added constraint of the crack tips. The height of the plane strain core, 2h c = 0.1 in., was equal to almost twice the sheet thickness and corresponded to two rows of elements at the crack plane. The elastic-plastic behavior of the sheet material was accounted for by providing a piecewise linear stressstrain curve. 12 The bottom edge of the model was fixed, and dis- tributed loading was applied to the top edge. A critical CTOA value was specified, and nonlinear analysis was performed to determine the residual strength.
Modeling of Fasteners
Modeling of mechanical fasteners is an important factor for obtaining accurate solutions in fracture analysis, especially when analyzing cracks at fastener holes in mechanically fastened joints. Explicit representation of the fasteners along the crack line (where the fastener shank and the fastener hole are being modeled) is one option for obtaining accurate solutions 23 ; however, this capability is not available in FRANC3D. The two sheets were simulated in separate layers, and the fasteners were idealized with two-noded rivet (spring) elements (i.e., the fastener holes were not explicitly modeled). Although it is recognized that such an idealization might not appropriately simulate the stress concentration and stress redistribution because of the presence of a fastener hole, one goal of this study is to obtain numerical estimates of residual strength using modeling techniques prevalent throughout the literature. Because a number of such studies 2, 11, 12, 24 employ a spring-rivet idealization of mechanical fasteners and do not explicitly model fastener holes, a similar approach was adopted here for comparison purposes. Standard arguments suggest that such a representation might be reasonable, provided that any crack tips of interest are appropriately far removed from such idealized fasteners. The authors do not necessarily advocate such a modeling strategy, but rather wish to compare residual strength estimates from a relatively simple link-up model to those obtained from more complex finite element techniques.
Three rows of two-noded six-degree-of-freedom (three translational and three rotational) rivet elements were used to join the two sheets together. The top row of rivets was attached to the lower surface of the crack only in order to simulate fastener bearing on a single crack face. Elastic properties for the rivets were assumed. Both the fastener and the sheet material properties were accounted for when determining the fastener shearing and bending stiffness. 
Modeling of Crack Configurations
The 36 crack configurations of the bolted-lap-joint panels were modeled and analyzed. The crack size increment used in the testing (0.05-, 0.1-, 0.15-, and 0.2-in. MSD cracks) necessitated the use of a 0.05-in. element size along the crack plane (the plane strain core) rather than 0.04-in. elements that are commonly used for CTOA analysis. 11 For the configurations with lead crack and MSD cracks, because the holes were not modeled, the fastener-hole diameter was included in the total MSD crack length (the fastener-hole diameter was replaced with four elements totaling 0.2 in.). For the case of no MSD cracks, consistent with Chen, 24 only the lead crack was modeled (i.e., the fastener holes of the adjacent fasteners were ignored). Figure 5 shows a schematic diagram of the crack modeling technique. For the configurations involving a lead crack only, the analyses were stopped when the lead crack tip reached the geometric location of the adjacent fastener hole, which roughly approximates the stress level at which failure of the ligament between the crack tip and the hole occurred.
Critical CTOA (Ψ c ) Value
A critical CTOA value c is used in the analysis to simulate the onset of crack-growth initiation and tearing process. STAGS employs a nodal release algorithm to simulate elastic-plastic crack growth along a predetermined path. At each load increment the CTOA is evaluated. When the opening angle reaches the critical value, the crack tip node is released, and the crack advances to the next node. This process continues until the crack tip reaches a predefined end node or adjacent crack tips meet for the MSD case. In this study crack growth was governed by monitoring the critical CTOA c at a distance of one element length (0.05 in.) behind each crack tip. For crack growth under load control conditions, the applied load will generally increase until it reaches a constant value that defines the residual strength (i.e., the growth becomes unstable). This can be seen in Fig. 6 , where the applied stress vs crack extension curve for one of the MSD configurations is shown.
There are no standard values of the critical CTOA for aluminum alloys. Experimental measurements of the critical CTOA for thinsheet aluminum alloys are not very accurate. In addition, a significant amount of scatter (±1 deg) is always present in the experimental measurements. 8, 12, 19, 20, 25 Numerical simulation of test specimens is usually used to determine a critical CTOA value that fits the residual strength and crack growth observed in testing. 8, [11] [12] [13] 21, 25, 26 Such finite element simulations usually result in estimated CTOA values different than the experimentally measured values but within the scatter band. 8, 11, 12 Sutton et al. 20 reported an experimentally measured value of c = 4.7 deg for 2024-T3 aluminum in the T-L grain direction. This value was first used for nine of the crack configurations and was found to cause the analysis to overpredict the test results. A critical CTOA value of c = 4.2 deg was found to fit the measured residual strengths much better. Table 2 shows the experimental residual strength results for the nine crack configurations and the predicted residual strengths obtained using c = 4.2 and 4.7 respectively along with the errors for each (where the error is defied as the absolute value of the percent difference between test value and the predicted residual strength value).
In Fig. 7 the STAGS residual strength predictions are plotted vs the corresponding test values. Points lying along the 45-deg line mean that the predicted value and the test value are equal, which is the case more so for the results obtained using c = 4.2 deg. Points below the 45-deg line indicate that the predictions were conservative, whereas points above that 45-deg line indicate that the simulations overpredict the test values. On average, the residual strength predictions based on c = 4.7 deg were 7% higher than those obtained using c = 4.2 deg.
It should be noted here that a subgroup of the test matrix was used for "tuning" the critical CTOA value. Although typically M(T) or C(T) specimens are used for evaluating the critical CTOA value, the resulting value (4.2 deg) was within the ±1-deg scatter band of the experimentally measured value (4.7 deg). The reported 4.7-deg value was measured 0.04 in. behind the crack tip for a fatiguesharpened specimen, whereas the cracks in the bolted-lap-joint panels considered herein were produced using saw cuts, and the critical CTOA value was evaluated 0.05 in. behind the crack tip (i.e., 0.05-in. elements were used at the crack plane in the finite element model). 
Modeling of the Antibuckling Stiffeners
Antibuckling stiffeners were used to restrict out-of-plane buckling for all test panels. Also, the fastener heads might have played a role in restricting out-of-plane buckling along the crack faces. The action of the antibuckling stiffeners was simulated in the FRANC3D models by applying a no-rotation line constraint along the overlap edges about an axis parallel to the loading direction (y axis as shown in Fig. 4) . Nine crack configurations were analyzed with and without the simulated antibuckling stiffeners to determine the effect they have on the residual strength predictions. Figure 8 shows the deformed mesh for one of the crack configurations with and without the simulated antibuckling stiffeners, where the difference in the amount of out-of-plane buckling is visually apparent. The residual strength estimates of those runs are shown in Table 3 and presented graphically in Fig. 9 . As seen from the results, the antibuckling stiffeners have a noticeable effect on the residual strength predictions. The out-of-plane component of the crack opening displacement for the cases involving no antibuckling constraints resulted in residual strength predictions that, on average, were 26% lower than for the cases involving antibuckling constraints. Figure 10 shows the average difference in residual strength predictions with and without the simulated antibuckling stiffeners for each of the three nominal lead crack lengths. As can be seen from the figure, the effect of using antibuckling stiffeners on residual strength predictions is more apparent for longer lead cracks.
Results and Discussion
The measured residual strengths and estimated residual strengths obtained using FRANC3D/STAGS as well as the WSU2 model, given in Eq. (1), are summarized in Table 4 for all 36 crack configurations. Note that both estimates resulted in roughly the same average error when compared to experimental results. Figure 11 shows the STAGS and the WSU2 residual strength predictions plotted against the residual strengths obtained from testing. In general, the residual strength predictions obtained from both the STAGS analyses and the WSU2 model correlate reasonably well with the test values. The average error in the WSU2 residual strength predictions for the 36 crack configurations was 4.7%, and the maximum error was 12.3% (Ref. 17) . For the STAGS residual strength predictions the average error was 4.8%, and the maximum error was 15.79%. Closer examination of the results obtained by the STAGS analyses shows that two factors have influenced the magnitude of the error: the lead crack length and the presence of MSD. Figure 12 shows the effect of the lead crack length on the average error. As can be seen from the figure, the average error decreases with increasing lead crack length. Figure 13 shows the difference in the average error for MSD configurations as opposed to no-MSD configurations for each of the three nominal lead crack lengths as well as for all configurations. Note that for each lead crack length the error in the estimated residual strength was significantly lower for those crack configurations with MSD. As seen in Figs. 12 and 13, the average error decreases for longer nominal lead cracks. The error associated with the lead crack length was likely caused by out-of-plane buckling effects. In the test panels both the antibuckling fixtures placed next to the overlap and the bolt heads/nuts along the crack played a role in constraining the out-of-plane bucking. However short-wavelength out-of-plane buckling was observed in the tests. The line constraints used in the finite element model clearly cannot provide the same constraint as in the test panels. Figure 13 shows that the configurations with lead crack only (no MSD) have a significantly larger error than the MSD configurations. The analysis overpredicted failure loads for lead crack only (no-MSD) configurations; this can be expected because the fastener holes were not modeled. The stress concentration caused by the presence of holes has an influence over the amount of lead crack tip plasticity, especially when the crack tip is reasonably close to the edge of the hole. This effect is not accounted for when the holes are not being modeled. This suggests that fastener holes should be accounted for when modeling cracks along a row of fasteners, especially for configurations with no MSD. One possible way to account for the presence of fastener holes for no-MSD cases is to replace the holes by equivalent size cracks that have a critical CTOA c value large enough to prevent crack growth from the side of the hole. The results presented herein show that the CTOA criterion gives reasonably good estimates of the residual strength. The average error for all of the 36 crack configurations was 4.8%. The error observed in the residual strength predictions was most likely caused by the modeling assumptions/simplifications. The accuracy of the predicted residual strengths was more sensitive to the modeling of geometric details of the test panels than to the value of the critical CTOA, where a 12% increase in the critical CTOA value resulted in only 7% increase in residual strength, and not accounting for the antibuckling constraints resulted in 26% decrease in residual strength, and not accounting for fastener holes, for no-MSD configurations, resulted in an increase of 8% in the average error.
A comparison of the residual strength predictions obtained by STAGS analyses with those obtained from the modified link-up model WSU2 shows that both are comparable in accuracy with an average error of less than 5% for both. Figure 14 compares the average error in residual strength predictions from both approaches. As seen in the figure, the modified link-up model gave equally accurate predictions for both crack configurations with and without MSD, whereas the STAGS predictions for the no-MSD configurations were not as accurate. The beta factors used in the WSU2 model were determined from finite element simulations of the test panels where the fasteners along the crack line were modeled explicitly.
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Conclusions
The CTOA fracture criterion and elastic-plastic finite element code FRANC3D/STAGS were used to predict the residual strength for single-shear bolted-lap-joint 2024-T3 panels with 36 different crack configurations. A constant critical CTOA c of 4.2 deg, along with a plane-strain core was used, and STAGS analyses were able to predict the residual strength of the 36 configurations with an average error of less than 5%. The accuracy of this approach was found to be more sensitive to the modeling of geometric details of the test panels than to the value of the critical CTOA. The results presented herein suggest that fastener holes should be accounted for in modeling the configurations with no MSD (lead crack only). Ignoring the fastener holes causes the analysis to overestimate the residual strength.
The residual strength predictions obtained from STAGS analysis were compared with the residual strength predictions obtained from the modified link-up model WSU2 in terms of accuracy. The results from both methods were found comparable with an average error below 5%. This suggests that semi-empirical models, such as the WSU2 model, can efficiently predict residual strength of structures with MSD under Mode-I fracture conditions (given that accurate beta factors are available). Such approaches can serve as an attractive alternative to large-scale elastic-plastic finite element simulations for predicting residual strength under Mode-I conditions. Extension of the modified link-up approach to the mixed-mode case, however, remains to be fully developed.
